ABSTRACT. The aim of this paper is to use the Shiryaev-Zhou index to examine the performances of securitized real estate indices of four countries: US, UK, Canada and Germany. The result reveals that the Shiryaev-Zhou index is a leading indicator and can act as a predictor on certain securitized real estate indices. Furthermore, our results show that the trading strategy we constructed according to the Shiryaev-Zhou index generally outperforms the "buy-and-hold" strategy under the assumption of no transaction costs. The stronger the predictive power of the Shiryaev-Zhou index is, the larger extent our trading strategy beats the "buy-and-hold" strategy. This is useful in strategic property management that property practitioners can follow our strategy to trade real estate stocks/funds in order to increase their profits.
INTRODUCTION
To maximize profit is the common objective for many investors. A commonly known trading strategy is the "buy-and-hold" strategy, i.e. one should buy a stock and hold it for a long time. The "buyand-hold" strategy is based on the efficient market hypothesis (EMH). However, this hypothesis may not be true. Hence some people look for a strategy to beat the "buy and hold" strategy. There have been studies on portfolio return optimization for long. The first of such studies was done by Markowitz (1952) , who introduced the meanvariance modern portfolio theory (MPT). Hui et al. (2009) incorporated expert knowledge into MPT through fuzzy set theory to obtain portfolio return optimization in direct real estate investment.
Consider the following problem: a person buys a stock at a time and must sell it within a certain period of time, say, one year. What is the optimal time to sell the stock? It would be ideal if one can sell the stock exactly at the maximum price over the period. Unfortunately, this is impossible as we can only know the time the stock price reaches the maximum at the end of the period. Here is a more sensible problem: to minimize the expected relative error between the selling price and the maximum price. Graversen et al. (2001) took a first step to analyze similar problems along this direction. They solved the problem to stop a Brownian motion so as to minimize the square error deviation from the maximum. Later, Shiryaev (2002) , after whom the Shiryaev-Zhou index was named, investigated the quickest detection problem for a change of market parameters, while Li and Zhou (2006) revealed the high chance of a Markowitz mean-variance strategy hitting the expected return target. Shiryaev et al. (2008) developed the Shiryaev-Zhou index to determine the optimal time to buy and sell a stock in order to minimize the average relative error of selling price to maximum price. Meanwhile, Du Toit and Peskir (2009) provided a probabilistic proof of the result. Yam et al. (2008 Yam et al. ( , 2009 Yam et al. ( , 2012 Yam et al. ( , 2013 resolved the same problem in the binomial tree setting and hence generalize the ShiryaevZhou index over the corresponding framework. The name of the index is attributed to its two founders, A. Shiryaev and X. Y. Zhou.
The Shiryaev-Zhou index was the first to put in practice by Hui et al. (2012) through a numerical application in the Hong Kong property market. However, they just listed the latest selling date of each real estate stock, but did not calculate the resulting profit. The following question remains: does the Shiryaev-Zhou index really yield a trading strategy which can beat the "buy-and-hold" strategy? This is the advantage of using Shiryaev-Zhou index that we try to illustrate. Here we use the Shiryaev-Zhou index to construct a trading strategy, and apply this trading strategy to real estate markets of different countries, and see whether this strategy can outperform the traditional "buyand-hold" strategy. This would be useful for investors to formulate a better trading strategy to increase their profits.
In order to study real estate markets, we have to choose appropriate real estate indices. Most traditional real estate indices are constructed from real transaction prices recorded in the market (Chau et al. 2005) . Two of the examples are the Centa-City Leading Index and the BRE Index (Hui, Wong 2004) , the index was later applied by Wong and Hui (2005) . However, the observations of these traditional indices cannot be done continuously. There is always time lag between price change and observation. Stock prices, on the other hand, can reflect the values of the companies continuously. Hence they are better than traditional real estate indices. Recently, research workers used econometric methods to study relationship between real estate and stock markets. For example, Okunev and Wilson (1997) tested the existence of co-integration between the REIT and the S&P 500 indices. The results indicated that the real estate and stock markets were fractionally integrated. Okunev et al. (2000) conducted both linear and nonlinear causality tests on the US real estate and the S&P 500 indices and concluded that there existed unidirectional relationship from real estate to stock market when using the linear test, but there was a strong unidirectional relationship in the opposite direction when using the nonlinear test. Knight et al. (2005) constructed models of asymmetric dependence using the copula function to examine the relationship between securitized real estate and equity markets. They found that for both U.K. and global markets, the securitized real estate and equity markets exhibited strong tail dependence -particularly in the negative tail, suggesting that real estate securities offer, at best, limited diversification protection when other asset markets were falling. Zhou (2010) applied the wavelet analysis to examine the comovement among international securitized real estate markets and the cross-market comovement between the stock and securitized real estate markets. Rehring and Sebastian (2011) used VAR models to examine the term structure of return volatility of UK and US direct and securitized commercial real estate markets. They found that returns of US REIT, UK direct real estate and property shares exhibited strong mean reversion, while US direct real estate returns show a considerable mean aversion effect over short investment horizons. Hui et al. (2011) examined the relationship between real estate and stock markets in the UK and Hong Kong by the method of data mining. They found not only a positive correlation, but also a co-movement, between the two markets. Moreover, a number of studies showed a long-term positive correlation between real estate and stock prices (Quan, Titman 1999; Tse 2001; Liow 2006) . The above results suggest that the stock price can be a leading indicator of the real estate price. Therefore, as an alternative, the indices we used are securitized real estate indices which have a daily frequency. Thus they can reflect the continuous change of value, rather than chasing after the prices.
Our objective is to examine the Shiryaev-Zhou indices of securitized real estate indices of four countries in Europe and North America: US, UK, Canada and Germany, and to verify whether the trading strategy we construct using the ShiryaevZhou index can beat the "buy-and-hold" strategy. The paper proceeds as follows: in Section 2, we briefly describe the formula of the Shiryaev-Zhou index. The statistical method of estimating the Shiryaev-Zhou index is given in Section 3. The behaviour of the Shiryaev-Zhou index of securitized real estate markets of the four European-American countries is given in Section 4. Section 5 explores the relationship between each securitized real estate index and its corresponding Shiryaev-Zhou index. In particular, we test whether the ShiryaevZhou index is a leading indicator of its correspond-ing securitized real estate index, and examine the predictive power of the Shiryaev-Zhou index. In section 6, we compare the resulting return from trading the securitized real estate indices of the four countries by two different strategies: the first strategy is formulated according to the ShiryaevZhou indices of the securitized real estate indices, while the second strategy is the "buy-and-hold" strategy. We consider two cases: without transaction costs and with transaction costs. Finally, a conclusion is drawn in Section 7.
THE SHIRYAEV-ZHOU INDEX
The Shiryaev-Zhou index is derived by considering the problem of minimizing the gap between the selling price and the maximum price of the stock: 
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For simplicity, we assume that the continuously compounded annual interest rate, r = 0 in this paper. The Shiryaev-Zhou index is defined as (Yam et al. 2008 (Yam et al. , 2009 (Yam et al. , 2013 Hui et al. 2012) :
where: a is the annual drift or the growth rate of the stock; and s is the annual volatility of the stock (a, s are constants). The optimal selling time is determined by a simple strategy. If the Shiryaev-Zhou index is positive then the stock should be kept until the end of the period [0, T] . Otherwise it should be sold immediately (Hui et al. 2012) .
THE STATISTICAL METHOD OF ESTIMATING THE SHIRYAEV-ZHOU INDEX
In the formula of the Shiryaev-Zhou index (2.2), the drift a and the volatility s are constants. However, in reality, these parameters can never be constant. Most importantly, we normally do not know the exact values of a and s. Here we use the moving window approach to estimate their values: for each day i (i > n), we use the stock prices from day i -n = 1 to day i to estimate the values of a and s on that day, and hence obtain the estimated value of the Shiryaev-Zhou index on day i. To facilitate the statistical estimation of Shiryaev-Zhou index, log(S t ) is first transformed into relative ratio u i (i ≥ 2)
and hence 1 log( ) log( )
, u i can be regarded as the daily return of the stock on day i.
Hence the mean of daily return of the stock on day i (i > n) can be estimated by:
Here we set n = 130. The estimator of a on day i is simply i u multiplied by the number of trading days in one year, which we assume to be 250 days:
Besides the drift term, we also estimate the daily variance on day i (i >n) by:
Consequently, the estimator of the variance s 2 on day i is: .5î
SHIRYAEV-ZHOU INDEX OF SECURITIZED REAL ESTATE INDICES OF DIFFERENT COUNTRIES
Here we analyze the Shiryaev-Zhou indices of securitized real estate indices of four countries in Europe and North America. We select two major economies, UK and Germany, in Europe, and two major economies, US and Canada, in North America. We examine the behaviour of the indices of those countries from time to time. For each securitized real estate index, we use the formula (3.6) to estimate the Shiryaev-Zhou index on each day in the period of observation. Figs 1 to 4 show the trends of Shiryaev-Zhou indices of securitized real estate indices of the four countries over the period of observation. Table 1 shows the descriptive statistics of the Shiryaev-Zhou indices of securitized real estate indices of the four countries.
From Figs 1 to 4, we can see that the ShiryaevZhou indices of the securitized real estate indices of the four countries followed a similar trend over a certain period of time. For example, the ShiryaevZhou indices of securitized real estate indices of most countries remained negative since late 2007, when the subprime mortgage crisis broke out and caused a global economic recession in the following year, showing that the crisis affected most of the countries. If we get a closer look at the Shiryaev-Zhou indices of securitized real estate indices of US, UK and Canada, we find that their trend had some similarities: the indices peaked in 1993, 1996-1997 and 2003-2004, and reached troughs in 1990, 1994 and 1998-1999 . These countries are traditional economies, so their indices behaved normally. The Shiryaev-Zhou index of Germany's securitized real estate index behaved differently from the other three countries that the local events had a greater impact on the Shiryaev-Zhou index than the global events. From late 1995 to early 1996, Germany suffered from an unusually cold weather, causing a lot of deaths and substantial economic loss, so its securitized index fell sharply. Hence its Shiryaev-Zhou index plunged to a record low of -176.42. On the other hand, global events had a smaller effect on Germany's Shiryaev-Zhou index. Even though the global financial crisis occurred in 2008, the magnitude of negativity of the index was relatively small at that time.
From Table 1 , we can see that US's securitized real estate index is the most stable among the four indices, as its Shiryaev-Zhou index has the smallest standard deviation of 16.56. Canada's securitized real estate index is also rather stable. The standard deviation of its Shiryaev-Zhou index is 25.96. The securitized real estate indices of UK and Germany are more volatile, as their Shiryaev-Zhou indices range from over 100 to below -100, and have a standard deviation of over 30. In comparison, the securitized real estate markets in North America are more stable than those in Europe. 
RELATION BETWEEN EACH SECURITIZED REAL ESTATE INDEX AND ITS CORRESPONDING SHIRYAEV-ZHOU INDEX
This section explores the relationship between each securitized real estate index and its corresponding Shiryaev-Zhou index. In particular, the predictive power of the Shiryaev-Zhou index is investigated. In all the four figures, CCF > 0 for k = 0, showing a positive (but weak) correlation between the securitized real estate index and its corresponding Shiryaev-Zhou index for all four countries. As k reaches its minimum, CCF also attains the minimum, showing that for all four countries, it is least likely that the Shiryaev-Zhou index lags behind its corresponding securitized real estate index. Another common feature of the four CCF graphs is that for k < 0, the CCF is strictly increasing. However, for k ≥ 0, the four graphs differ. For UK and Canada, CCF keeps strictly increasing. This shows that for these two countries, their ShiryaevZhou indices clearly lead their corresponding securitized real estate indices. However, for Germany, the CCF remains nearly constant, so it is unclear whether its Shiryaev-Zhou index leads its corresponding securitized real estate index. For US, CCF peaks at around k = 0 and decreases slightly when k further increases. It is more likely that US's securitized real estate index and its corresponding Shiryaev-Zhou index are positively correlated rather than one index leading the other. This result reveals that for all four countries, if the Shiryaev-Zhou index attains a peak (or trough), the corresponding securitized real estate index will also attains a peak (or trough) sooner or later. In particular, UK and Canada's Shiryaev-Zhou indices are clear leading indicators of their corresponding securitized real estate indices. Next, we examine the predictive power of the Shiryaev-Zhou on its corresponding securitized real estate index. For each of the four countries, we conduct the Granger causality test against the following null hypothesis:
H 0 : the Shiryaev-Zhou does not Granger-cause its corresponding securitized real estate index.
As before, the first 130 observations of each securitized real estate index are removed. Table 2 shows the result preformed by Wessa (2012) .
From Table 2 , for UK and Canada, the Granger causality test gives p-values of <0.05 for all cases, except when the number of non-seasonal time lags in test is 7 for UK, and 5 for Canada. In most cases, at 5% significance level, the null hypothesis H 0 is rejected, i.e., there is significant evidence that the Shiryaev-Zhou index Granger-cause its corresponding securitized real estate index. This shows that for UK and Canada, their ShiryaevZhou indices are good predictors of their corresponding securitized real estate indices. However, 
THE RESULTING RETURN ON BUYING AND SELLING THE INDICES ACCORDING TO THEIR SHIRYAEV-ZHOU INDICES
Here we construct a trading strategy of the four securitized real estate indices by using their Shiryaev-Zhou indices, compute the return by using this strategy to trade the indices, and compare the result with the return by using the "buy-and-hold" strategy. The Shiryaev-Zhou index of each securitized real estate index on each day is estimated by the method described in Section 3. We make the following assumptions: 1. We start with an infinite amount of money. 2. The transaction price (buying and selling price) is the closing price of that day. 3. There are no transaction costs. For each of the four indices, we construct a trading strategy as follows:
1. From Day 1 to Day 130 (January 2 to July 2, 1990), do not take any action as the value of ˆi µ is not available yet. 2. On Day 131 (July 3, 1990) , if ˆ0 i µ ≥ , buy one unit of the index. Otherwise, do not take any action.
3. From Day 132 (July 4, 1990) onwards, trade the index according to the following strategy (see Table 3 ). 4. On the last day of the period (April 28, 2009), sell the entire one unit of the index if one is still holding one unit of the index. Table 4 shows the resulting return of the securitized real estate indices of the four countries by applying the trading strategy above. Table 5 shows the resulting return of the securitized real estate indices of the four countries by holding one unit of each index throughout the whole period (i.e. the "buy-and-hold" strategy).
From Tables 4 and 5 , we can see that for the securitized real estate indices of UK, Canada and Germany, we can obtain a much greater index return and percentage return by following the trading strategy according to the Shiryaev-Zhou index. If we hold the index throughout the whole period, we would suffer from a loss, but if we follow the strategy according to the Shiryaev-Zhou index, then we can earn a profit, which is much better than the result when we use the "buy-andhold" strategy. The only exception is US's index, of which we can only get a slightly larger index return using the trading strategy according to the Shiryaev-Zhou index, but the percentage return is much lower because we have to buy the index several times, making the total cost much larger. In overall, the trading strategy according to the Shiryaev-Zhou index outperforms the "buy-andhold" strategy. However, in real life situations, transaction costs do exist. This may affect the results. In the following, we compare the return of the two trading strategies on the four securitized real estate indices. We assume that the transaction cost of buying one unit of each index is equal to 0.5% of its transaction price, and there are no transaction costs of selling any of the four indices.
The following Tables 6 and 7 show the resulting return of the securitized real estate indices of the four countries by applying the two trading strategies.
Comparing Tables 5 and 6 with Tables 3 and 4 , we can see that with the presence of 0.5% buying cost, the returns by using the "buy-and-hold" strategy decrease slightly only. However, if we use the trading strategy according to the Shiryaev-Zhou index, the returns diminish by a larger extent. For US's securitized real estate index, the "buy-andhold" strategy even outperforms the trading strategy according to the Shiryaev-Zhou index. For the securitized real estate indices of the other three countries, the trading strategy according to the Shiryaev-Zhou index still provides a greater return than the "buy-and-hold" strategy. This is because the "buy-and-hold" strategy requires investors to purchase and sell the stock/stock index one time only, so the transaction cost is much smaller. However, when we use the trading strategy according to the Shiryaev-Zhou index, we have to purchase and sell the stock/stock index several times. Therefore, the transaction cost accumulates and may even offset the gain. Nevertheless, the trading strategy according to the Shiryaev-Zhou index is still superior on the whole as this strategy yields a greater return than the "buy-and-hold" strategy does, except for US's securitized real estate index. If we get a closer look at the number of times we buy the securitized real estate indices when we trade them using the strategy we constructed in this paper, we can see why transaction cost diminishes the return when applying this strategy.
From Table 8 , we can see that by applying the trading strategy we constructed using the Shiryaev-Zhou index, the number of times of buying U.K.'s securitized real estate index is the least among the four indices (38 times). This is why the presence of transaction cost just reduces the return slightly from 4559.30 to 4162.93 (see Tables 4  and 6 ). For the other three indices, we have to buy the indices more frequently (66 to 84 times), making the total cost much larger. Hence transaction cost diminishes the return by a larger extent (see Tables 4 and 6 ). For Canada and Germany's indices, without transaction costs, our strategy outperforms the "buy-and-hold" strategy by a larger extent, so even with 0.5% buying cost, our strategy is still superior. However, for U.S.'s index, our strategy only yields a slightly larger index return than the "buy-and-hold" strategy does. Hence with 0.5% buying cost, our strategy is outperformed by the "buy-and-hold" strategy.
Comparing the results of Tables 4 to 7 with Table 2, we can see a relationship between the Shiryaev-Zhou's predictive power on its corresponding securitized real estate index and the return by applying the corresponding trading strategy in comparison to the "buy-and-hold" strategy. For UK and Canada, Table 2 shows that the predictive power of their Shiryaev indices on their corresponding securitized real estate indices is stronger. Tables  4 to 7 show that no matter the 0.5% buying cost exists or not, the trading strategy we constructed using the Shiryaev-Zhou index greatly outperforms the "buy-and-hold" strategy for UK and Canada's securitized real estate indices. On the other hand, US and Germany's Shiryaev indices have a weaker predictive power (see Table 2 ). From Tables 4 to 7, our trading strategy just merely beats the "buyand-hold" strategy for Germany's securitized real estate index in the presence of 0.5% buying cost. For US's securitized real estate index, the return is even worse: without transaction costs our strategy only slightly outperforms the "buy-and-hold" strategy. With 0.5% buying cost, our strategy even yields a lower return than the "buy-and-hold" strategy. Hence if the Shiryaev-Zhou has a stronger predictive power, the corresponding trading strategy will beat the "buy-and-hold" strategy by a larger extent.
There is still an error in real life situations. Our method use the stock prices from day i -n + 1 to day i to estimate the Shiryaev-Zhou index m on day i. Hence our estimated value ˆi µ in fact lags behind the true value m. If n is larger, then the lagging effect will be greater. However, if n is too small, the error in estimating the drift a and the volatility s will be too large. Therefore, we should choose a suitable moving window size n, and it turns out that it is practically effective to choose n = 130 (Hui et al. 2012) .
CONCLUSIONS
From the above statistics of the Shiryaev-Zhou indices of securitized real estate indices of four countries, a number of conclusions can be drawn. Firstly, the Shiryaev-Zhou indices of securitized real estate indices of the four countries can reflect important events which affect the real estate markets. Some of the events are worldwide and affect almost all countries, like the subprime mortgage crisis and the global financial crisis starting from late 2007, which caused the worst global economic recession since World War II. This is reflected by the Shiryaev-Zhou index of securitized real estate indices of most countries, which stayed negative since late 2007. Some events, on the other hand, occur locally and affect a particular country only. For example, in early 1996, an unusually cold winter hit Germany, hitting its economy hard. Thus its Shiryaev-Zhou index struck a historical low at -170. However, the Shiryaev-Zhou index of securitized real estate indices of most other countries remained relatively stable at that time. The Shiryaev-Zhou index provides convincing signals which truly reflect different/diverse situations and trends in the four countries under investigation.
Secondly, the Shiryaev-Zhou index has some important relationships with its corresponding stock (or stock index). From Section 5, there is a positive (but weak) correlation between the securitized real estate index and its corresponding Shiryaev-Zhou index for all four countries. This shows that each securitized real estate index and its corresponding Shiryaev-Zhou index move in the same direction in general. A further analysis of the CCF between each securitized real estate index and its corresponding Shiryaev-Zhou index shows that for all four countries, the Shiryaev-Zhou index does not lag behind its corresponding securitized real estate index. In particular, UK and Canada's Shiryaev-Zhou indices are clear leading indicators of their corresponding securitized real estate indices. For these two countries, the Granger causality test shows that their Shiryaev-Zhou indices have a stronger predictive power on their corresponding securitized real estate indices, too. We can see that the Shiryaev-Zhou index is a good predictor of its corresponding stock (or stock index) when the CCF between the stock price (or stock index) is strictly increasing, i.e. the Shiryaev-Zhou is a leading indicator of its corresponding stock (or stock index).
Moreover, the Shiryaev-Zhou index can also provide a strategy for buying and selling stocks as follows: an investor buys a stock as soon as the index turns positive, and holds the stock until the index turns negative, when the investor should sell the stock immediately (as described in Section 5). Our result in Section 6 shows that this strategy generally outperforms the "buy-and-hold" strategy under the assumption of no transaction costs. However, the presence of transaction costs reduces the return substantially when we use the trading strategy according to the Shiryaev-Zhou index. This strategy may even underperform the "buy-and-hold" strategy if the transaction costs are large enough. In our case, this strategy is still superior on the whole even with the presence of 0.5% buying cost. In real life situations, the transaction costs are relatively small in general, so it is expected that this strategy would outperform the "buy-and-hold" strategy in most cases. Therefore, it is still worthwhile to follow this trading strategy in general. The Shiryaev-Zhou index can help investors to formulate a better trading strategy to increase their profit.
Further analysis shows that the return by applying our trading strategy constructed using the Shiryaev-Zhou index is related to the ShiryaevZhou index's predictive power on its corresponding stock (or stock index). For UK and Canada, where the Granger causality test shows that their Shiryaev-Zhou indices have a stronger predictive power on their corresponding securitized real estate indices, our strategy yields a much larger return than the "buy-and-hold" strategy does. For the other two indices with smaller predictive power, out strategy only merely beats the "buyand-hold" strategy, or, even worse, is outperformed by the "buy-and-hold" strategy, as in the case of US's securitized real estate index with the presence of 0.5% buying cost. Hence before applying our trading strategy, it is preferable to conduct the Granger causality test first. If the test shows that the Shiryaev-Zhou index is a good predictor of its corresponding stock (or stock index), then our trading strategy is likely to beat the "buy-and-hold" strategy overwhelmingly. Otherwise, our trading strategy may only outperform the "buy-and-hold" strategy by a smaller extent. In the worst case, when the predictive power of the Shiryaev-Zhou is weak and the transaction costs are high, it may be better to stick with the "buy-and-hold" strategy.
In applying our trading strategy, there is still an error which comes from the moving window size n (no. of days in estimating the drift and volatility) we choose, which affects the estimated value ˆi µ of the Shiryaev-Zhou index m. In the future, one may investigate the effect of choosing different sizes of n on the resulting return on trading the stocks (or stock indices) using the strategy according to the Shiryaev-Zhou indices of the stocks (or stock indices).
To conclude, the Shiryaev-Zhou index can reflect local and worldwide events affecting the economy and serve as a predictor for certain stocks/ stock indices. It can also act as a signal for buying and selling a stock. This can help investors to formulate a better buying/selling strategy which can beat the "buy-and-hold" strategy.
